This paper presents a unified multi items general inventory model for integrated production of new items and remanufacturing of returned and defected items for a finite planning horizon. In this paper, a production model that takes into account learning, instantaneous deterioration rate and inflation is proposed. In addition, we also consider that the holding cost is a non-negative, non-decreasing and continuous function of time. In this model, the preservation technology is used to reduce the rate of product deterioration. A theory is developed to find the optimal solution of the proposed model; it is then exemplified with the help of several numerical examples. An efficient solution procedure is also provided to find the optimal strategy. Finally, sensitivity of the optimal solution to changes in the values of different parameters of the system and the convexities of the cost functions are also studied and represented through the graphs.
Introduction
Enforced legislation and customer expectations increasingly oblige manufacturers to take back their products after use and remanufacture them. This paper is based the concept of reverse logistics. According to Dekker et al. (2013) Reverse Logistics is: "The process of planning, implementing, and controlling flows of raw materials, in-process inventory, and finished goods, from a manufacturing, distribution or use point to a point of recovery or point of proper disposal". Examples of reverse logistics include recalls, commercial returns, warranties, wrong deliveries, repairs & refurbishment and end-of-life returns that companies face. Reverse logistics is the process that collects and remanufactures used products to achieve quality standards that are "as-good-as those of new products". Although reverse logistics is relatively a new term, the earliest approach in the area of reverse logistics sizes was made by Schrady (1967) . He developed joint determination of production and remanufacturing lot and analyzed the problem in the traditional Economic Order Quantity (EOQ) model by setting: continuous and deterministic demand and return. Schrady's (1967) model considered by Nahmias and Rivera (1979) for the case of limited storage in the repair and finite repair rate and production shops.
In recent years, the concept of reverse logistics has been developed. Also, many researchers discussed the economic ordering quantity in the general logistics and reverse logistics. Guide et al. (1996) mentioned the characteristic of reverse logistics to analyze the quantity and quality of returned items in reverse logistics. Krumwiede (2002) defined the reverse process of logistics as reverse logistics, and indicated retailers' thought on reverse logistics as the products returned from customers to the sellers. For the manufacturer, the reverse logistics is the process of defective product returning from users. Dobos and Richter (2003) developed a production/recycling model with constant demand that is gratified by recycling with a single repair and a single production cycles and non-instantaneous production per time interval. Singh and Saxena (2012) , Yang et al. (2013) and have investigated their model by using different assumptions and reverse flow of material. There are more and more literatures about reverse logistics, but most of them did not consider the effect of inflation and use of preservation technology.
In the literature of inventory theory, deteriorating inventory models have been continually modified to include more practical characteristics of the real inventory systems. In real life, the deterioration (vaporization, damage, spoilage, dryness and so on) phenomenon is observed on inventory items such as fruits, vegetables, pharmaceuticals, volatile liquids and many others. The analysis of deteriorating inventory model began with Ghare and Schrader (1963) , who established an exponentially decaying inventory for a constant demand. However, it has been empirically observed that life expectancy and failure of many items could perform better expressed by a variable deterioration rate. Covert and Philip (1973) extended the model of Ghare and Schrader (1963) , for a variable rate of deterioration by assuming Weibull distribution and Gamma deterioration rates, respectively. When determining the optimal inventory policy for that type of products, we cannot ignore the loss due to deterioration. Ouyang et al. (2006) and Wu et al. (2006) were the first who incorporated the phenomenon of "noninstantaneous deterioration" into the inventory modeling. In practice, the deterioration rate of manufactured goods can be controlled and reduced through various efforts such as specialized equipment acquisition and procedural changes. It is well known that some products have a high deterioration rate like semiconductor chips, medicine, refrigerated food, and many others. Therefore, many enterprises developed preservation technologies to control causes of deterioration and increase the profit. For agreement with the realistic inventory situation, Wee et al. (2010) presented a deteriorating inventory model with constant demand rate and exponential decay items with timedependent partial backlogging rate. In addition, the retailer is allowed to reduce the rate of product deterioration by investing on the preservation technology. Wee et al. (2010) then extended the model developed by Hsieh and Dye (2012) . In this model they assumed that the preservation technology cost was a function of the length of replenishment cycle.
Inflation is a fundamental feature of today's economy all over the world and large-scale inflation rates are not uncommon in many countries. So, while determining the optimal inventory policy, the effects of inflation and time value of money cannot be ignored. Many researchers have developed inventory models with the inflationary effect. Buzacott (1975) was the first who developed the first EOQ model taking effect of inflation into account by considering a constant inflation rate. Several researchers have extended their ideas for different situations considering time value of money and various inflation rates. A multi-item inventory model with a resource constraint system under a variable inflation rate was developed by Gupta and Vrat (1986) . Ray and Chaudhuri (1997) investigated an EOQ model under time discounting and inflation allowing shortages. An inventory model with deteriorating items and permissible delay in payments under inflation was analyzed by Liao et al. (2000) . Sarkar and Moon (2011) proposed an EPQ model under the effect of inflation with imperfect production. considered a warehouse imperfect fuzzified production model with shortages under inflationary conditions. It is often the case that the performance of a person, group of persons, or an organization, engaged in a repetitive task improves with time. This is due to the learning phenomenon, which is a decrease in the cost and/or the time required to produce each successive unit. For example, the familiarity with operational tasks and their environments, and the effective use of tools and machines are usually increased with repetition. The ''Learning Phenomenon'' introduced by Wright (Wright, 1936) to study factors affecting the cost of airplanes. The WLC (Wright, 1936 ) is represented as , where is the time to produce the first unit, b is the learning exponent (0 < b < 1), x the cumulative production, and is the time to produce (perform) the xth unit (repetition). A comprehensive survey of empirical models for the learning curve was given by Yelle (1979) . Several models have been investigated and evolved with the economic order (production) quantity (EOQ/EPQ) model in a reverse logistics and rework context. For example, Garvin (1988) discussed the common sources of improvement for quality and productivity. Lower quality implies rework and higher scrap, which in turn means equipment time, labor, wasted material, and other modalities. Badiru (1995) developed a production model, which includes the costs of producing an item, relearning, and reworks, reduces as production increases according to the power-form learning curve of Wright (1936) . An economical evaluation of disassembly operations for remanufacturing, recycling and reuse was considered by Johnson and Wang (1998) . Jaber and Bonney (2003) empirically showed that the time required to rework a defective item reduces as production increases and that rework times conform to the learning relationship. Jaber and Saadany (2011) developed an economic production and remanufacturing model with learning effects. proposed an imperfect production inventory model with inflation and learning under two limited storage capacity.
In the present paper, an attempt has been made to develop a multi-item reverse logistics model with learning effect. An economic production inventory model for integrated production of new items and remanufacturing of returned items is presented for a finite planning horizon and having time dependent demand. Demand is increasing with time. The production, remanufacturing and return, rates are arbitrary functions of time. We have taken the holding cost as a continuous, non-negative and nondecreasing function of time. The production cost is greater than the remanufacturing cost. The product considered in this paper is perishable product so; items deteriorate while they are in storage. To reduce the rate of product deterioration, producer is allowed to invest on the preservation technology. In this paper, the multi item inventory model developed coordinates joint production and remanufacturing options by producing new items of a product as well as by remanufacturing collected used/returned/defective items to quality standards that are ''as good-as those of new products'' with a single remanufacturing and a single production cycles per time interval and then, items are subject to inspection process, where item that conforms to certain quality standards is delivered to a primary market and the rest (deteriorated items from the three stocks) are shipped to a secondary market. To make this study more realistic and present environment suitable the effect of inflation and time value is also considered. We then provide a simple algorithm to find the optimal replenishment schedule and total cost for the proposed model. Finally, a couple of numerical examples are discussed to illustrate the algorithm and results are also presented graphically. The remainder of this paper is organized as follows. Section 2 provides assumptions, notations, description of the production and remanufacturing inventory systems. Section 3 is for mathematical modelling. Section 4 provides solution procedures for the resulting model. Section 5 is for illustrative examples and discusses results, while convexity of the total cost function and concluding remarks are provided in Section 6.
Assumptions and notations
In this paper, we shall establish a multi-item reverse logistics model under the following assumptions:
We consider multi items, i =1, 2, ..., j and we will use throughout the paper the subscript ''r'' to indicate the quantity corresponds to the remanufactured stock, the subscript ''m'' to indicate the quantity corresponds to the manufactured stock, and the subscript ''R'' to indicate the quantity corresponds to the returned stock. So, for example, represents the inventory level for ith item at time in the remanufacturing stock.
Fig. 1. General framework of products flow in one cycle

Assumptions
In developing the mathematical model, the following assumptions are made:
1. The model is developed for multiple items. 2. Production rate of new items and remanufacturing rate of collected returned items are linear function of time. 3. Demand rates for production and remanufacturing cycle are increasing function of time. 4. The demand rate is satisfied from a collection of newly produced and remanufactured items. 5. Used items are collected from primary and secondary market at a rate and respectively. 6. Preservation technology is considered for production and remanufacturing cycle. 7. The deterioration rate of returned items is time dependent. 8. The buyback products are collected from the market, where Supplier remanufactures only those used material whose quality level is higher than the level required by the market and the rest of the products are salvaged. 9. Holding cost is an exponentially increasing function of time. 10. The replenishment rate is infinite and lead time is zero. 11. Shortages are not allowed. 12. There is no repair or replacement of deteriorated items 13. Model is developed under inflationary and learning environment.
Notations
The following notation is used throughout this paper: 
Formulation of the model
We have formulated a multi items production remanufacturing system. For each remanufacturing cycle, denotes the inventory level at time . The system starts operating at time (initially 0) by which the remanufacturing process starts and the inventory level increases until time and inventory level reaches its maximum, and the remanufacturing process stopped. Then the inventory level declines continuously due to combined effect of demand and deterioration and it becomes zero at time (the end of the remanufacturing cycle). The process is repeated. Hence, the inventory level during the remanufacturing cycle can be represented by the following differential equations: 
Similarly, for each production cycle, denotes the inventory level at time . The system starts operating at time by which the production process starts and the inventory level increases until time where the inventory level reaches its maximum, and the production process stopped. Then the inventory level declines continuously due to combined effect of demand and deterioration and it becomes zero by time (the end of the production cycle). The process is repeated. Hence, the inventory level during the production cycle can be represented by the following differential equations:
With the initial condition 0 and ending condition 0 . 
Also, for each returned cycle, denotes the inventory level at time . As the remanufacturing system starts operating at time , the inventory level decreases due to the combined effect of demand and deterioration until time by which the remanufacturing process ceased and the inventory level becomes zero. Then the inventory level starts to go up until time where the inventory level reaches its maximum. The process is repeated. Hence, the inventory level during the returned cycle can be represented by the following differential equations: 
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The present value of setup/ ordering cost for i th item during the replenishment cycle is follows, Setup cost for remanufacturing cycle,
Setup cost for production cycle,
Ordering cost for returned cycle,
The present value of production cost for i th item during the replenishment cycle is as follows, 
The present value of remanufacturing cost for i th item during the replenishment cycle is as follows,
The present value of holding cost for i th item during the replenishment cycle is as follows, Holding cost for returned items,
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Holding cost for remanufactured items, 
Holding cost for manufactured items, 
The present value of salvage cost for i th item during the replenishment cycle is as follows,
The present value of items cost (This cost includes the deterioration cost) during the replenishment cycle is as follows,
Thus, the total cost per unit time of the underlying multi item inventory system during the cycle [0, ], which consists of the setup cost, ordering cost, production cost, remanufacturing cost, inventory 
Here we have a cost function in terms of , , . Our goal is to find , , that minimize , , , , the variables , , are related to each other through the following relations: 
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Step 3: Substitute * , * , * * into (17) to obtain ( * ).
Step 4: Now repeat the solution procedure for the rest of the items.
Numerical example and sensitivity analysis
Numerical Example
The model has been explored numerically as well. There are following data which are used to explain the model, based on the studies in proper unit. We have studied this model for two items. The following numerical study has been used to find the optimal solution of the multi items production model. 0.004, β = 0.02, γ = 0.01, 0.001, k =0.5, 0.8, 0.4, 0.6, 0.25 
Sensitivity analysis
Sensitivity analysis is carried out when the parameters , , , , and k are changed by −20%, −10%, 10% and 20%. Table 1and 2 show the changes in the optimal time and the optimal total cost for variables , , k, and respectively.
Sensitivity analysis for item 1: increases This means the demand for remanufacturer should be high which results minimum total cost.
Similarly, the sensitivity analysis for item 2 can also be performed. 6. Convexity and conclusion
Convexity
Convexity of the reverse logistics inventory model for the whole system * for both the items is shown in Fig. 3 and Fig. 4 . 
Conclusion
This paper has presented a muti-item reverse logistics inventory model for integrated production of new items and remanufacturing of defective and returned items. The generality of our model comes from the fact that the holding cost, production, remanufacturing, demand, return, and product deterioration rates are arbitrary functions of time and production is imperfect. This study developed a deteriorating inventory model where we invest in the preservation technology (PT) cost to decrease the deterioration rate of the products and maximize the profit of the system. We have developed an analytic formulation of the problem on the framework described above and have presented an optimal solution procedure to find optimal replenishment policy. From our research results, we have verified that the effect of learning on the costs of the inventory system leads to minimize the total cost because due to the learning phenomena total average cost decreases as we increase the number of production runs. Further, a comprehensive sensitivity analysis is also carried out to show the effects of the key parameters on the optimal replenishment time and total average cost of the inventory system and the computational results show that this model can provide an efficient opportunity for managers to make proper decisions for designing logistics network among various facilities with various parameters. For future study, it is desirable to extend the proposed model for multiple production and remanufacturing batches per interval, effect of forgetting curves on production and remanufacturing rates and effect of reliability involved in the reverse logistics network design problem.
